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Problem Set 1

Solution 1:

(a) Intuitively it makes sense that the oscillations would not be dependent on gravity. This is because the
oscillations would be the same as that on a vertical spring except this time it would be about a different
equilibrium positions. Showing this mathematically is a slightly harder task.

First, we find the equilibrium position. We have our coordinate position to be the rest point at the center
of mass of the block with the y-axis going upwards and the x-axis going horizontally. Let the extension in
spring in equilibrium be y9. There are two forces involved, the force from the spring and the force from
gravity. This means that from a force analysis, we have that

m
kyo —mg=0 = yOZTg-

Now displace the mass by y. From Newton’s Law, we find that

- d?

Fzmé':mﬁg =my = (mg — ky)9.
Rewriting, we find that

.. mg\ .
mj = —k (y+ 7) §=—k(y— o)

We can define x = y — yg which gives us the same equation as in the lecture with w = 4/ % Gravity affects
only the equilibrium position not the angular frequency.

Solution 2:

(a) To take derivatives of the function '
X(t) _ Ae—z(wt—ﬂ'/2)

we must make use of Euler’s identity which states

e =cosz +isinz.

0= 4 (- e 5)) ism (- (- 5)]

We make use that cos(z) = cos(—z) and sin(—z) = —sin(z) to simplify our expression to be

This means that

X(t)=A [cos (wt — g) — isin (wt - g)] = X(t) = ’ A(sinwt + i cos wt) ‘




Therefore, from taking the first derivative, we have that
X(t) = —Aw(isinwt — coswt).
The real component of this will be given by
X (t) = [Awcoswt |
The second derivative of this function is then given as
X(t) = —Aw?(sinwt + i cos wt).

The real component of this will be given by

(9 =[]

(b) We are given that

t) = ‘ Biwre {wt+m/6) ‘

/t>j.

which we can rewrite as

Integrating this gives us

X(t)=- (2 - 2> Br(coswt — isinwt)

X(t) = —?BTCOS(UIS L

X(t) = <\/§ — Z) Buw?re ™t = (? - ;) Buw?r(coswt — isinwt).

V3

X(t) = 7Bw27coswt L

Solution 3:

(a) On displacing by a distance z from the equilibrium position, both springs will have a spring force directed
towards the equilibrium position. This means that we have

Foet = —(2Kz + Ka)i = —3Kz4i.

Now, we write Newton’s second law, and get rid of & as all the forces are in the z-direction to yield

[3K
P =—-3Kr = w=|4/—|
mi T w i




(b) At mean position, v = Aw. Therefore
v M
A=—= — |
w |"V3K
(c) We know
x = Asin(wt + ¢).

From initial conditions we know that w = %7 A=wvy/ %, and ¢ = 0. Therefore
M 3K ;
= — S1Nn e b
Ve M\V i

(d) From the lecture, we see that we can write the position of the center of mass as the complex function

z(t) = Re [Aei(“t""i’)} .

From initial conditions we know that w = %, A=,/ 3MK, and ¢ = 0 and therefore we have,

or | M iv/EE
3K |

z(t) =|Re

Solution 4:
(a) If we are given a potential V(x), then the stable equilibrium positions of V(x) will be found at the zeros of

V'(z). We find that the derivative of the potential is given by
V'(z) = 0 = 423 + 12a2” — 16a°z.

Factoring out 4z from both sides of the equation gives us

22 + 3az — 4a® = 0.

Factoring this equation gives us
—(a—2z)(da+2)=0 = z = a,4a.

(b) As seen in the lecture, we have that

Flz)= -V (z)r = w= V;ELI).

By taking the second derivative, we have that
V"(z) = 2z + 3a.

We can evaluate V() at both of our equilibrium points « = a,4a. At z = a,
5
V"(a) =ba = w= \/—a
m

and at z = —4a,
1la

V"(4a) = 1la = w=1/—.
m



Solution 5:

(a)

(b)

(c)

(d)
()

(f)

It is easy to see that y = Lcosf and = Lsin6. For equation of motion, we know that torque on the mass
is only due to gravity which is —Mgzx and 7 = Ia = mL?0. Therefore we have

gsinf

17 0

mL%0 = —mgLsind — 0+

For small angles sin 6 ~ 6, therefore simple harmonic equation of motion becomes

. g
0+ =0=0
* L
Taylor series expansion for sin 6 is
6 0°
sinf =6 37 T i

For %—? < 0 we have sinf ~ 6 From the simple harmonic equation of motion we can see that
/ L
w = g — T =2y —
L \ ¢

Let us say that x is the horizontal distance from the pendulum to the central vertical axis. Then, we can
write newton’s first law as
F=mz.

F will just be the net horizontal force which can be found by balancing the forces. The net vertical force is
0, so
Tcos@=mg = T = i

cos 6
where 6 is the angle between the central vertical axis and the rope. The net horizontal force is

_ T
_Tsing= 9707 _ —mgtan§.

cos 0

0 is tan_l(%xz), so the equation of motion is

T2

—mgzx

VIZ—22

—mgtanf = mi — mi

If « is small, then we can approximate our equation of motion by getting rid of any terms with x to a high
power, so we can approximate our equation of motion to
gz

_"ngzma'é — L 4i=0.




Problem Set 2

Solution 1:

(a) Note that writing Kirchhoff’s Voltage Law in the clockwise direction tells us that V' = 0 which means

Q(t) dI _ .. . 1
5 — Lz —IR=0 = |LQ() + RQ() + 5Q =0

Here we have used the fact that —Q = I.

(b) The oscillations are probably under-damped as the resistance will be small as compared to the effects of
voltage. If it is anything else, there won’t be any oscillations in the RLC circuit which is unlikely to happen.

(c) This form represents the general equation of oscillations of 6 with a drag force of —b#(t) which is written as
6 +T6 +wio=0.

Here, we see that

R
==

L’
WQ*L = wp = !
°T IC 0~ VIC

We note that ‘
Q(t) =Re[Z(t)],  Z(t) =€

i / 2

Since the oscillations are under-damped or w3 > I'?/4, we have that

where the solution for « is given as

Q(t) = (Acos(wt + ¢)) - e~ 2t = (ACOS(\/%t—s-(p)) e~ 2Et

where A and ¢ are determined from initial conditions. For the problem given to us Q(0) = CV,(t = 0) =
1075C and Q(0) = —0.5A, therefore we have Q(0) = A cos(¢) and Q(0) = —A,/ 7 sin(¢) — AL cos()

Solution 2:

(a) When the crystal is displaced a distance x from the equilibrium position, our equation of motion will be
predetermined by
Mz =F — kegx — Mg.

Substituting F' = M Ag cos(wgt) and kg = 4k into our equation gives us our equation of motion to be

[ = MA, cos(wat) — #h(Ao — ) — Mg

(b) Now, since the homogeneous solution dies out eventually there should be a very small drag force, we add the
drag force factor of —y& to our equation. We now have our equation of motion to be

Mi = M Ag cos(wqt) — dkx — Mg — v&

and rearranging gives us
Mg + ~v& + dka = M Ag cos(wqgt).



Note that this equation is very similar to the one discussed and solved in lecture 3:
0 + T + w26 = fo cos(wgt).

Dividing by M on both sides of our obtained equation gives us the form

4k
T+ %x + Vi Ag cos(wqt)
which now tells us that
~
I'=—
M7
5 4k . 4k
Wy = — wo = 1\/ —
0~ M 0 M
fo = Ao.

As solved in the lecture, the amplitude of oscillations of this equation is given by

fo

A= .
VR — ) + Wi

Therefore, by substituting, we find that

Ao
V (4k/M — wi)? + 72wi/M

As 7y is very small

Ay

A ———
4k/M — w?

(c) To decrease the amplitude we have to increase k which is done by reducing length of spring

A; k k

We know k o % therefore

Ly k 1 1 IMw?
L 10k —9Mw? = 10 10k
(d) Like we did in part b,
Ao Ai

A= _
I kM — 3)% + bw2/M 10

Here A; = — Therefore
d

Ao
IR M=

4K 2
For Sr > wy

bro | ol (14 Mo
V) 396 Kw? 4K

Solution 3:

(a) Note that the traffic signal exhibits under damped oscillations which means the amplitude follows the equation

z(t) = Ae T2 cos(wt + ¢).



After 4 seconds, the amplitude A — e~ ' A which means
e 'A = Ae™?" cos(4w + ¢).
Since there is no phase difference, ¢ = 0. Therefore,

1
e1 = cos(4w) = w= 7 arceos (e 1.

Solution 4:

(a) Let the mass-spring system be initially at rest at the beginning. After a time ¢, the right end (zenq) will
move a leftward distance of d(t) = Asinwt. Let us place the origin at the equilibrium position of the mass.
At time ¢, the right spring will be compressed by an effective length z = xy — A sinwt while the left spring
remains a rest length of xy. The drag force works against these two spring forces that are directed in the
left direction, so the drag force moves in the right direction with a force of b&. We now write the equation
of motion in both the & and ¢ direction. In the & direction, we have

mi = bt — (kxo + k(xg — Asinwt)).

This gives us our equation of motion to be

‘ md — bt + 2kxg = kA sin wt ‘

In the g direction, there will be a vertical downward force of ﬁg and a normal force that counteracts this F.
We then have

—

mij = Fy + Fy = —mgj +mgj) = 0.
(b) We can guess a solution of the form
T(t) = Tree + Tdriven = A cos(wgt — &) + Bsin(wat + a).

We see that A and B and the phase constants § and « all depend on the oscillator properties while wy
depends on the properties of the external force.

Solution 5:

(a) Let 1 be the vertical displacement of the mass m; and let x5 be the vertical displacement of the mass my.
We then can write the equation of motion as

mxi = kcxy + kB(l‘l = 1‘2)

m.ifg = k‘AZ‘Q
We can rewrite this to isolate the equations for both z; and zs.

ma; = (kc + kB):L‘l — ko

mio =0+ kgxo
(b) Now, let us write this in matrix format. The M matrix is denoted by
m 0
M = (0 m) :
From our equations of motion, the K matrix has the form

_ (—kB—kc ks
)



Therefore,

N

This must equal to w?I, or in other words,
—kp/m —kc/m  kp/m L2 10
0 —ka/m) 0 1)°
(c) The matrix M 1K — w?[ is

27 —kp/m — ko /m — w? kg/m
MK wI—( . i)

To find the eigenvalues of M'K, we form the determinant

det [M'K — o?1] ‘—k}g/m—k:(;/m—w2 kg/m

0 —ka/m — w?
(=kp/m —kc/m — w?)(=ka/m — w?) = (kp/m)(0)
(—kp/m — kg /m — w?)(=ka/m — w?) = 0.

Thus, the angular frequencies of the normal modes are

kg | kc ka
wf == g — w%
m m m



Problem Set 3

Solution 1:

(a) We begin by first drawing a diagram:

92 TQ

m19§

Since the angles are small, it holds that
sinf ~ 60, cosf=1.

Let us also define

X g, = 2 X

"’ L

The angles are small so 71 ~ (M; + Ms)g (as it holds both masses) and T5 ~ Mg (as it holds only the
mass M>). We can now write our equations of motion. We can start with the lower mass. The only force
that attempts to bring the second mass back to equilibrium is the horizontal component of T,. Therefore,
we have

sinf; =

. M.
MQXQ = 7T2 sin 02 = — 2]

(X2 — Xy).

If we define w? = g/L, we find )
Xo+wiXe —wiX; =0.

For the first mass, we have two forces. Although not labeled in the diagram there is a component 75 that is
directed along the rod and away from the first mass. Therefore, the two forces 77 and T5 fight for equilibrium
and our equation of motion can be given as

Mle = —T;sinf; + T5 sin O,

.. X Xo—X

Mle = —2(M1 + Mg)gfl + Mgg%
. My + 2M, Mo

0= X1 + TXle — MX2OJ§



(b) Using the definition of a normal mode

X1\ A1\ i(wt+e)
Ga)-=[(2)-

we can rearrange to find that

Now, rewrite in matrix format

Mi+2Ms, 2 2 _ My, 2
AL SWp —w WO Ay _o
—wk wd —w?) \ Az

To get a solution, we need to solve the equation where the determinant of the left matrix is zero.

My+2M, 2 2 M 2
o o | )
—wj wh —w
My +2M;y 9 9 o My 4
=, Wy —w (WO*W)*in:O
M, M,

Rearranging yields the equation

2(M; + M-
wt — 7( i Q)wgw

My + M-
2 1 2 4
M, + —Ww

Using substitution tells us that the roots of this equation are

My + M) + /M2 + My M.
w2:( 2+ M) - 2 + 2w§:>w2:(1+a)j:\/1+a2

M

Here we used o« = T
1

Solution 2:

(a) To find the normal modes of frequencies, we must first find the equations of motions. Note that we can use
symmetry arguments after we find the equation of motion in one circuit. The flux in the first circuit is given
by the sum of the self and mutual inductance. Mutual inductance means that the two inductors share flux
or more specifically, the relationship in flux between an inductor L; and the current I5 is given by

b, = M.
The total flux in circuit 1 is then given by
Dy, = Py, + Dy, = LI + M.
Taking a time derivative of this equation with using Q = —I results in
Do, = —LQ1 — MQs.
Using the fact that d=VandV = Q/C, we result in the equation

% = —LQy — MQ,.

Using w = 1/v LC, we can get the equations (by symmetry)

W2Q1 = —Ql - %Qz

WQQQ = —Q2 - %Ch

10



Adding these two equations gives
M\ . .
—w?(Q1+ Q2) = (1 + ) (Q1+ Q2

Lw?
L+M

1
C(L+M)

Therefore one normal mode is w_%_ = == wi =

Subtracting the two equations gives

2 (Q1 — Qo) = (1 — ]\L4> (@1 + Q2)

} ‘e _ Lw? _ 1
Therefore second normal mode is w_ = /7% = w_ =,/ ST

(b)

Solution 3:

(a) Let the distances of each of the masses from their equilibrium points be denoted by z1,z2, and x3 in the
clockwise direction. We then see that the equations of motions of the masses are defined by

miy = —k(x1 — x2) — k(x1 — x3)
mfég = —k(.’ﬂg e .’51) e k((EQ = 1’3)
mig = —/{J(.Ig — .Il) — k(il?g — 1‘2)

(b) First, we rewrite our equation of motion to isolate x1, z2, and x3. By rewriting, we have

mx1 = —2kxq + kxg + ks
mio = kxr1 — 2kxo + ka3

m.’fg = kiL'l aF kZL'Q — 2](5{173

Using the definition of a normal mode

X1 A1 )
zo | = Re Ay | eiwtte)
T3 A3
we can then rearrange to find
—mw2A1 = —2kA; + kA + kA3 0= (—2]{5 + 2mw2) Al +kAy + kAs
—mw2A2 = kA, — 2kAs + kA3 = 0=—-kA;+ (—2]6 + mw2)A2 + kAs
fmw2A3 = kAl —+ kAQ — 2]{5143 O = kAl + k'AQ =+ (*2]{3 =+ mw2)A3
Now, rewrite in matrix format
—2k + 2mw? k k Ay
—k —2k + mw? k Ay | =0
k k —2k + mw? As
To get a solution we need to solve the equation where the determinant of the left matrix is zero.
—2k + 2mw? k k
k —2k + mw? k =0
k k —2k + mw?

If we define w3 = %, then after dividing the matrix by m, we yield the equation

—2wd + 2w? w? wd
wé 72w82+ w? c;% , =0.
Wi wg —2wi +w

11



After evaluating the determinant we result in the equation
(—2w2 + 2wH)[(—2w? + w?)? — wj] = 0.
We now gain two roots of w? = 0 and w? = 3w3.

(c) We see that in the w? = 0 root, the normal mode is defined by

T 1
i) = 1 (At+ B)
I3 1

and corresponds to the masses sliding around the circle at a constant speed. Therefore, there are not really
any oscillations exhibited in this mode.

Solution 4:

(a) Let us first find the equations of motion without the driving force and then add it in when we are done.
Let us denote the upper mass by m; and the lower mass by msy. We then see that the forces produced by
the springs are ky; (t) and ky(2). The forces in the spring are then ky;(t) and k(y2(t) — y1(t)) respectively.
The gravitational force only creates a shift in the equilibrium position but this doesn’t affect our equation
of motion. This then tells us that our coupled differential equations are:

maij = +k(ya(t) — y1(t)) — ky1(t) + Fo cos(wat)
mafa = —k(y2(t) — y1(t))

Defining m; = mg = m and w2 = k/m, we have

i1 =+ (92(0) — 20 (0) + "2 cos(uat)

f2 = —wi(y2(t) — y1(t))

_(m 0 _ (+2k -k [
=5 n)e x=(5 ) =)

With a driving force, our matrix equation is given by

(b) We define

MY = —KY + F cos(wat).

Let us try to consider solutions for w without a driving force. Using the definition of a normal mode
1\ _ A i(wt+¢)
(&) =mel(3)e

—w?A = —2A1w§ + Agwg 0= (—2w8 + w2) A+ w%Ag
7w2A2 = Alwg = Azwg = 0= ngl I (w2 = WS)AQ

we can get the equation down to

Normalizing this into a matrix equation tell us

72(.0(2] + w? w? A\ 0
wa —wi+w?)\Ay)

To get a solution we need to solve the equation where the determinant of the left matrix is zero

—2w3 + w? w2 _
wd —wd +w?|

12



Reducing this, we get
(—wg + w2 (—2w2 + w?) —wh = —.
Simplifying gives us
2w — 2wiwE — Wi +wt —wi =0
wi — 3w’wi +w* =0

This now implies that the roots of this equation are now

B+ Vh)k | B=Vh)k
L | A

Using these solutions and the fact that

det(M™'K — w?l) = (w? —w})(w? —w?) =0
to further simplify this problem. Note now that
M*lK: 2("')3 —Wg M*lF: Fo/m
—-w W) 0 ’
Using
(MK —w?’)B=M"'F

to then expand into matrix form gives us

2w —w? —w? B\ _[(Fy/m
—w? wd—w2)\Bz2) O

We can go ahead and solve it directly to get B; and Bs or we can use “Cramer’s Rule” which is a useful rule
when solving a large number of coupled oscillators. First define:

EC = (2"‘)(% _2‘*}2 —w% 2) D = (FO/m) .

2
—wy wh — wy 0
To use Cramer’s rule, use one column from E< and D™

_ 1(27)0
By = det £

F/m  —w?
0 wg — w2

(w? — w2 )(w? —w?)

B (o - })

- (w? — wf_)(w2 —w?)

Which explodes when wy = w4, w_ which are the frequencies of the normal modes. Similarly:

_107)]
& det £

202 Fy/m
—w? 0

C (w? —w?)(Ww? —w?)

Fy (i
m \m

(w? — wi)(uﬂ —w?)

The full solution is given by

y1 = acos(wit + @) + B cos(w_t + ¢) + By cos(wgt)

13



Solution 5:

(a) Let us first draw a diagram.

Since the angles are small, and the horizontal components of tension are approximately the same and can be
approximated by
T COSgl ~ TQCOSHQ ~ T3C0803 = T =Ty~T3="1T.

We can approximate the sines of the angles by

sin 61 = ol (t)
a
sin @y = v2(t) — ()
a
Sinf; = ya(t)
a

where a is the length of each component of the rope. For m,, we have
mlyl = Ty sinfy — T; sin 61

and using our approximations tells us that

. T
1= ——(y2 — 2y1) |
mia

Similarly, we have for mo,

. T
Yo = ——(y1 — 2y2) |
moa

14



Problem Set 4

Solution 1:

(a) There are two boundary conditions.

Solution 2:

(a) Since the matrices commute, the modes will be simultaneous eigenvectors of the symmetry transformation
and the interaction. There are then two modes. These two solution are x(t) and Z(t) = Sx(¢).

(b) When we have a symmetry matrix either we don’t undergo any transformation on the eigenvalue A = 1, or
it will undergo a transformation on the eigenvalue A = —1. ¢ Since the 1s of the symmetry matrix are off
the diagonal, when we multiply S by the components of the eigenvector we will switch the eigenvalues. For

o A0-(2

We need the absolute value of A and B to be the same if we want it to only change by a factor of 1 or -1
upon reflection. Therefore, if we try something such as

A
A
and multiply by the symmetry matrix, we get

(G 9=

The ratio of the amplitudes of the components of the eigenvector are then 1.

“This is justified because det(A —A) =A2 —1=0 = A=1,A=—1.

Solution 3:
(a) We have two boundary conditions:
o At x =0, 731/’8(2#5) =0.
o Atz =1, %L —¢
) ox '
By symmetry, the wavefunction is given by
U (2, 1) = Apy sin(wimt + B sin(kpmx + ).
Taking the partial derivative of this with respect to x gives us

OYm,
ox

= Ak sin(wt + Bm) cos(kmx + ).

We now can apply the boundary conditions.

o At 2z =0:

OV (0,1t
% = Ak sin(wmt + Bm) cos(a,) = 0.
Therefore, we require that
cos(tm) =0 = ay =7mm — g

15



o At x = L:

({“)gm = Ak sin(wnt + Bm) cos(ky L + mm — w/2) = 0.
75
We require that
kmL +7m — = = 1n — =
" 2 2°
This means that
o, = ﬂ-(nim), a=n—m=1,2,3,...
L
or ra
km = —.
L

(b) We can draw each mode.

e For the first mode a = 1, there w

Solution 4:

(a)

16



Problem Set 5

Solution 1:

(a)

Solution 2:

(a)

Solution 3:

(a)

Solution 4:

(a)

Solution 5:

(a)

(b)

Let us analyze the forces involved. There is a vertical drag force by, a tension directed downwards at an
angle 0 to the horizontal, and a horizontal normal force that acts on the pole in the opposite direction of the
tension.

Applying Newton’s law in the vertical direction gives us
my = —Tsinf + Fy.

Writing the force in differential form and assuming small angles yields,

T
Y= 0 ot
The mass of the ring is negligible and thus
y dy oy b dy
oz "o =" = |z~ T

The wave can be written as a superposition of the incident and reflected pulse. In other words,
y(x,t) = f(vt — ) + g(vt + x).

The reflected wave g(z + vt) is unknown, but we can use boundary conditions used in part (a) to solve for it.

0
a—z = f'(vt —x) + g (vt + )
0
5 = v/t —2) + (vt +2))
Defining are coordinate system such that the hoop is at x = 0, we then can then write
Jy - b Jy / / o bv, , ’
D — 22— (o) + o (0f) = o (f(0) + ().
Isolating g(vt) tells us that
bv—-T
"(vt) = '(vt).
g(vt) = o (1)

17



To now solve for g in terms of f we must integrate this expression. Substituting v = vt gives us

, (=T , =T
[dau= [ F @i — gt = son|

18



Problem Set 6

Solution 1:

(a)

Solution 2:

(a) The most straightforward way to prove the curl of a curl vector identity

Vx(VxA)=V(V-A)—(V-V)A

is by simply expanding out all of the terms. We start off with the most basic identity
- o 0 0 0 -
V- A=|—+—+— | A
(8;5 + Oy + [“)2)

-,

Let us denote this by ¢ as our terms will start to get messy. When we take ﬁ(ﬁ CA) = V- f_; we result in

S5 A o 8 9\~
V(V-A) = v§<8m+6y+8z>£'

By expanding outwards, we get

-~ |ox \ Oz Oy 0z Oy \ Oz oy 0z 0z \ Ox dy 0z
Simplifying gives us

G A= (Lhe [ BAy  FAN, (F4  OA, | SAN L (04 SA | TAL

o\ 022 0z0y  0x0z * ox0y 0%y = Oyoz 4 0x0z 0Oydz 022 ‘

Alternatively, when taking (6 . ﬁ)/ﬁ we result in the laplacian in cartesian coordinates for each direction.
> o 0?A,  9*A 9?A 0?A 9?A 0?4, 0%A
VY - A= & Y 2 z z\ o~ T y 2\ 2
(V-v) <8x2 0y? )x+(8$2 + )y+(8m2 + + 9:2 )~

* 072 0y?
We now have the right-hand side of our equation. Now, we need to expand outwards the left-hand side.
First, note that

024,
Oy

0%A,
022

Vo A 0A. 0A, - 0A, O0A,\ . H 04, 04, 5
\ 0z Oy 0z ox ¢ Ox dy
From this, we can note that
ﬁ 0 (0A, 04, 0 (0A, 0A,\] .
vx(v [a(ax‘ y) a(az‘ax)}“‘
g 0A, 0Ay\ 0 (04, 0A;\].
0z \ 0 oy Ox \ Ox dy g
Q 0A, 0Ay\ 0 (0A; 0A.\]|,
ar\ 82 oy ) oy\oz oz)|°
Multiplying across now gives us
> 0%A 0%A 0%A 0%A
A) = y aB o T z A
Vx (Vx4 Kaxaz 8y5‘z> (ayaz axayﬂ v
" 0%A, B %A, B %A, B %A\ .
0%z  0Oyoz 0zx2  Ozdy g
0%A 0%A

L[ (84 _ AN _ (024 9PALN]
0x0z  O0xdy 0ydz  Oxdy ‘
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We now finally conclude that since the terms on both sides are the same, then
Vx(VxA)=V(V-A)-(V-V)A

holds true.
(b) In a vacuum, we have
. . . MoeoaB/at L L 4.0 . .
Vx (xB) = V(B - (V2B
These replacements are done by the vacuum Maxwell’s equations. Now, we are simply left with
- oB d .= =
— | = — E)|.
V x (Moﬁo 6t> Ho€o L’?t<v X )]
Therefore,
. 9°B - &?B
2 2p _
—-V*B = —uoeoﬁ = V“B = MO€OW'

Solution 3:
(a) To show that the field satisfies the EM wave equation we first write the EM wave equation as

We see that V2E is given by

- 0? 0? 9%\ =
’2F=|—=+==+-=|E
v 0x? * Oy? + 022

Since the EM wave only goes in the g direction, this means that

Also,
ot?

This now clearly satisfies the EM wave equation.
0*E 0*E,

(b) We note that
= 0*E,
V-FE=
< Ox? 0y? 022
as long as F, = 0.
(c) Note that
= T g Zz
oxp__ 98 B _|o 4 5
- ot ot ox oy 0z
0 E, O
This tells us that
0B O0E, - | Ey .
- = B=|— —ct)z|.
ot ox c fla—ct)z
Solution 4:
(a)

20



Problem Set 7
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Solution 1:

(a) Note that

ENIIS]

This means that

(b) Remember our equation:

2 g Tk
= | =+ — | tanh(kh).
K <k+p)an( )

In the shallow water limit where A > h and kh < 1, we have that

W2
tanh(kh) ~ kh, and v)(k) = —.

Note that £ > %’“ so therefore,

vg ~ gh = w? = ghk®.
The phase velocity will be v, = v/gh while the group velocity will be
dw
Vg = g = v/ gh.

As v, is constant, the waves are non-dispersive in this case.

(c) In the limit of deep water waves, h > X and kh > 1. Therefore, we have

2
tan(kg) ~ 1, and o2 = ol

P 2
This tells us that -
w? =gk + ;k;g

where w = 27 /). For very long wavelengths, the k term dominates and then w? ~ gk and the phase velocity
is

_ /9
Up E
and the group velocity
L /g
Vg = —

Therefore, v, = v,/2 and since the group velocity is not constant, the waves are dispersive in this medium.

(d) The k? term from our equation in part (c) dominates for A < Aeri¢. Then,

T
2 o
(A)Np?
and
w Tk
UPZE: 7
and
b do 3 [Tk
9 dk 2\ p-

_ 3 . . . . . .
Therefore, v, = Sv, and since the group velocity is not constant, capillary waves are dispersive.
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Solution 3:

(a) To find the range of frequencies, we use the inverse fourier transform:

C(w) S /OO dtf(t)e™!

T or o

o= (457) ]
C(w) = ;T/_Z dt exp [_; (a; ;vt>2] »

We can then arrange the integral to be formatted such that:

1 i 02 wu . z2

— 00

with

Our integral then looks like

In general, if we have an integral in the form of

I:/dxe—a12+bw+c

2 2 e 2
I= /dxe_a(x_%> edate — \[ezaﬂ.
a

we solve it such that

In this example, if we let

Therefore,

T wu . \2 42 x?
Clw) =/ 77z oxP {(02 tiw) /oo za] :
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